The free action for massless Ramond-Ramond fields is derived from closed superstring field theory using the techniques of Siegel and Zwiebach. For the uncompactified Type IIB superstring, this gives a manifestly Lorentz-covariant action for a self-dual five-form field strength. Upon compactification to four dimensions, the action depends on a U(1) field strength from 4D N=2 supergravity. However, unlike the standard Maxwell action, this action is manifestly invariant under the electromagnetic duality transformation which rotates F mn into ǫ mnpq F pq .
Introduction
Due to recent conjectures regarding non-perturbative duality symmetries [1] [2] , there has been an increase of interest in the Ramond-Ramond sector of the superstring. However, problems caused by picture-changing operators have until now prevented a string field theory analysis of the Ramond-Ramond contribution to the action, even for the quadratic term. [3] This is especially obvious for the Type IIB superstring, whose massless spectrum contains a self-dual five-form field strength for which it is difficult to construct a manifestly covariant action [4] . 1 Also, there are R-R fields which allow more than one action (e.g., using a gauge field with P indices or with D − P − 2 indices), and it is impossible to choose the correct action without an off-shell string field theory description.
In this paper, I begin by defining the R-R contribution to the free action using a version of superstring field theory which does not require picture-changing operators in either the NS or R sectors. This version is based on the open superstring field theory developed in reference [9] , where it was shown that by adding a non-minimal set of variables to the usual RNS variables, both the NS and R contributions to the free open superstring action could be written as Φ|Q|Φ . Generalization to closed superstring field theory is completely straightforward.
I then analyze the massless R-R sector using the techniques of reference [10] by Siegel and Zwiebach. Unlike the massless NS-NS sector, one has an infinite number of R-R fields due to the presence of bosonic ghost zero modes. However, the free action for these infinite fields can easily be written in closed form. For the Type IIB superstring, this gives a manifestly Lorentz-covariant action for a self-dual five-form field strength.
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After compactifying to four dimensions, one of the massless R-R fields is the U(1) field strength F mn of 4D N=2 supergravity. Although one might expect an action of the form d 4 xF mn F mn , compactification of the ten-dimensional action gives a completely different 1 After breaking manifest Lorentz covariance, an action can be constructed for a self-dual fiveform field strength. [5] [6] Using the methods of reference [7] , it is possible to "covariantize" this action by adding harmonic-like fields. [8] 2 In Hamiltonian language, the self-duality condition involves second-class constraints. By introducing an infinite set of fields, these second-class constraints can be replaced with first-class constraints, allowing a covariant expression for the path integral. [11] It would be interesting to compare this Hamiltonian approach with the Lagrangian approach of this paper.
action which involves infinite fields and is manifestly invariant under the electromagnetic duality transformation which rotates F mn into ǫ mnpq F pq .
In the conclusion of this paper, I discuss possible generalizations of this work.
Ramond-Ramond contribution to superstring field theory
In standard open superstring field theory, the inner product of two string fields vanishes unless the sum of the pictures of the string fields is −2. This comes from the background charge on a sphere which implies that c∂c∂ 2 c e −2φ is non-zero. (Note that the picture P of a string field Φ is defined by dz(iξη+∂φ)|Φ =P |Φ where P = dz(iξη+∂φ) and the bosonic ghosts have been fermionized as γ = ηe φ and β = ∂ξe −φ . [12] )
For Neveu-Schwarz string fields, this is not a problem since the free action Φ|Q|Φ carries −2 picture if Φ is chosen to carry −1 picture. However for Ramond string fields (which must carry half-integer picture), it is clear that Φ|Q|Φ cannot carry −2 picture.
For open superstring field theory, a proposed solution was to modify the Ramond kinetic operator to Q Y where Y = c∂ξe −2φ is the inverse picture-changing operator. [13] Since Y carries −1 picture, the action Φ|QY |Φ carries −2 picture if the Ramond string field is chosen to carry − 1 2 picture. Although there are probably gauge-fixing problems at massive levels with the Φ|QY |Φ action [14] , it at least gives the correct kinetic term for the massless MajoranaWeyl spinor,
where ∂ αβ = Γ µ αβ ∂ µ and Γ µ αβ is the symmetric ten-dimensional σ-matrix. However, there have been no succesful generalizations of this action to the Ramond-Ramond sector of the closed superstring. The obvious guess, 
In reference [9] , it was shown that by adding a new non-minimal set of variables to the ), and a pair of conjugate fermions (χ, u)
2 ). The BRST operator is modified to Q new = Q RNS + dσ uγ, so using the standard "quartet" argument, the new non-minimal fields do not affect the physical cohomology. Like the ψ µ matter fields and (γ, β) ghost fields, (γ,β) and (χ, u) are defined to be odd under G-parity.
It will be convenient to fermionize (γ, β) and (γ,β) in the following non-standard way:
3)
where
are the singular OPE's as y → z.
There are now two picture operators, 4) which are complex conjugates of each other. One can therefore choose the "in" Ramond string field, |Φ , to carry picture P = − . (For NS string fields, both the "in" and "out" fields carry picture P =P = −1.) Since the total picture for both P and P is −2, the kinetic operator no longer needs to carry picture and the action is simply Φ|Q|Φ . Note that the background charge now implies that c∂c∂ 2 c u∂u e −2(φ+φ) is non-zero.
As explained in reference [9] , the reality conditions on Φ are slightly unusual. Normally, one requires that hermitian conjugation is equivalent (up to a sign) with BPZ conjugation. [15] In this case, one instead requires that hermitian conjugation is equivalent (up to a sign) with BPZ conjugation times "charge conjugation", where "charge conjugation" simply flips the sign of all non-minimal fields
Note that charge conjugation commutes with the BRST operator.
To generalize to the closed superstring, one simply introduces both left-moving and right-moving non-minimal fields:
, and the Ramond-Ramond "out" string field, Φ|, to have picture
As usual for closed string fields, Φ must also sat-
After imposing these restrictions, the action is simply
Massless Ramond-Ramond contribution to the free action
To analyze the component form of (2.5), it is convenient to use the SU(1,1) formalism developed by Siegel and Zwiebach in reference [10] . Although this SU(1,1) method has not been generalized to include interactions, if one only wants the quadratic term, it is much simpler than directly performing a component expansion of (2.5). Before using this method to derive the massless Ramond-Ramond contribution to the free closed superstring action, I will first review the massless Ramond contribution to the free open superstring action.
[9]
The open superstring
For an open string action of the form Φ|Q|Φ , the first step in the SU(1,1) method is to define T ++ and
where Q + includes all terms in Q which are independent of the fermionic ghost zero modes, b 0 and c 0 . The next step is to define T −− and T +− in such a way that [
generate an SU(1,1) algebra. For example, for the bosonic open string,
Note that 2T +− + ic 0 b 0 is the ghost-number operator and nilpotence of Q implies that
In reference [10] , Siegel and Zwiebach show that any Φ|Q|Φ action can equivalently be written as
where Q j = ǫ jk Q k and ϕ is an SU(1,1) singlet which is independent of c 0 (i.e. T jk |ϕ = b 0 |ϕ = 0). This action has the gauge invariance δ|ϕ = Q j |Λ j where Λ j is an SU (1,1) doublet satisfying b 0 |Λ j = 0. Because one only needs to consider string fields which are SU(1,1) singlets, it is much easier to perform a component analysis of (3.4)than of Φ|Q|Φ . 
where p µ = i∂ µ is the momentum and {ψ method, it is convenient to first perform the unitary transformation
which transforms Q into
where t j is defined in (2.3). For notational convenience, I will supress the 0 subscript when it is obvious.
So using the definitions of (3.1),
For the "in" string field |ϕ which has picture [P,P ] = [− 1 2 , − 3 2 ], the massless states which are independent of c 0 can be written as
where |0 α is an SO(9,1) Majorana-Weyl spinor whose vertex operator in terms of the super-SL 2 invariant vacuum is
(u = e −iσ , χ = e iσ , and S α is the usual spin field of weight 5 8 .) Note thatt
The reality condition discussed earlier implies that f α is a real function (which is the reason for the e − iπ 4 factor in (3.9)). Furthermore, the GSO projection restricts f α to have even G-parity, where ψ µ , u, and t j all carry odd G-parity. Finally, the SU(1,1) singlet condition, T jk |ϕ = 0, implies that f α is independent of t j , and therefore,
(There is no factor of i in (3.10)since |0 β is fermionic, and therefore (uκ β |0 β ) † =−uκ β 0 β |, which goes to uκ β |0 β under charge conjugation.)
Plugging into (3.4), one finds
where ϕ| = 0 α |s α (x) + 0 β |κ β (x)u and the vertex operator for 0 α | is
Using the normalization condition that 0
, it is easy to compute that
Note that (3.13)is invariant under the gauge transformation:
i.e. δκ β = Λ β , δs α = ∂ αβ Λ β .
The closed superstring
For the closed superstring, the SU(1,1) method is generalized in the obvious way. One
, and Q j R , and the action is
where |ϕ satisfies
This action has the gauge invariance
where b 0L |Λ j = b 0R |Λ j = 0 and Λ j transforms as an SU(1,
, the massless states of the Type IIB superstring can be written as 
So at the massless level, an infinite number of fields are present in the RamondRamond sector of the closed superstring. (For the Type IIA superstring, the only difference is in the position of the right-moving spinor index on F , E, D, and C.)
Plugging into (3.15)and keeping only the zero modes, one derives that the massless Ramond-Ramond contribution to the free action is:
Finally, using the fact that
it is straightforward to compute that
where it is understood that for odd n, the positions of all spinor indices are reversed (e.g.
the first term for n = 1 is 2C 
where Λ β (n)α , Ω α (n)β , and Θ (n)αβ are independent fields (for odd n, the positions of their spinor indices are reversed).
Comparing with (3.19), this implies that (3.22)is gauge-invariant under
, and Θ (n)αβ can be used to gauge
for all n. In this gauge,
and the equation of motion
2n+1 component of (3.26), and equation (3.29)comes from the u L and u R components of (3.26).
So, on-shell, the only non-vanishing field in this gauge is F αβ (0) , which satisfies the equations of motion of (3.29). Expanding in vector notation,
is self-dual. Equation (3.29)implies that these one-form, three-form, and self-dual five-form field strengths obey It might seem puzzling that in the gauge of (3.25), the action of (3.22)becomes
which naively appears to have no propagating degrees of freedom. This paradox comes from the fact that there are an infinite number of fields and one needs to be careful when taking the limit n → ∞.
The correct procedure is to first compute the equations of motion with a finite cutoff, so n ranges from 0 to N . If N is finite, one can gauge away [
] since the gauge transformations of (3.24)parameter-
In this gauge, one gets the equations of motion of (3.27)(3.28)(3.29)for n < N , as well as non-trivial
, so one is left with just the equations of motion of (3.27)(3.28)(3.29).
Manifest electromagnetic duality in four dimensions
After compactifying the Type II superstring on a generic six-dimensional Calabi-Yau manifold, the resulting superstring contains at least N=2 four-dimensional supersymmetry. So from the analysis of the previous section, the massless four-dimensional RamondRamond fields always contain the following fields for n = 0 to ∞:
The free action for these four-dimensional massless fields is easily obtained from 
+ complex conjugate.
Note that tilded and un-tilded fields do not couple in (4.2), which is related to the noncoupling of hypermultiplets and vector multiplets in low-energy N=2 actions.
After gauge-fixing
as in (3.25) , the equations of motion are
Using the vector notation,
one gets the equations of motion from (4.6): 
Equations (4.8)imply that A m and y propagate on-shell and that F (0) is a constant. Together with the NS-NS graviton, axion, and dilaton, the R-R fields A m , y, andȳ form the bosonic degrees of freedom of an N=2 supergravity and dilaton multiplet.
Although all previous descriptions of the four-dimensional R-R U(1) gauge field assumed an action of the form d 4 xF mn F mn , it is seen from (4.2)that the action coming from closed superstring field theory is completely different and requires an infinite number of fields. As will now be shown, the action of (4.2)is manifestly invariant under the electromagnetic duality transformation, F mn → ǫ mnpq F pq , whereas for the usual d 4 xF mn F mn action, only the equations of motion are invariant.
In spinor notation, the electromagnetic duality transformation is 10) or in its continuous version,
where θ is an arbitrary real constant.
It is easy to see that the action of (4. .2)is manifestly invariant under the electromagnetic duality transformation of (4.10).
Conclusions
In this paper, I have derived the massless Ramond-Ramond contribution to the free action using closed superstring field theory. This action contains an infinite number of fields and, after compactification to four dimensions, is manifestly invariant under electromagnetic duality transformations.
There are various possible generalizations of this work. One generalization would be to combine the NS-NS, NS-R, R-NS, and R-R contributions into a manifestly spacetimesupersymmetric action. After compactification to four dimensions, this is already possible using a closed superstring field theory [16] based on the new spacetime-supersymmetric description of the superstring [17] . (In fact, this was how the action of (4.2)was originally discovered.)
A second generalization would be to construct the complete interacting contribution of the R-R fields. It would be very interesting to see if manifest electromagnetic duality is preserved at the interacting level. It would also be interesting to compute the dilaton coupling of R-R fields and see if standard arguments [2] based on d 4 xF mn F mn -type actions need to be revised.
A third generalization would be to extend the manifest electromagnetic duality to SL(2,R) duality by including interactions with scalar fields. As discussed in reference [6] , SL(2,R) duality is naturally manifest in an action coming from five-branes, as opposed to T-duality, which is naturally manifest in an action coming from strings. However, in this case, both T-duality and SL(2,R) duality would be manifest in an action coming from strings.
